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Abstract. We consider the multi-point Schwarz-Pick lemma and its associate functions 
due to Beardon-Minda and Baribeau-Rivard-Wegert. Basic properties of the associate 
functions are summarized. Then we observe that special cases of the multi-point Schwarz- 
Pick lemma give Schur's continued fraction algorithm and several inequalities for bounded 
analytic functions on the unit disk. 



1. Introduction and preliminaries 

Many ways of applying the Schwarz lemma reveal deep properties of holomorphic map- 
pings / : D — > D, where D will denote the unit disk {z £ C : \z\ < 1} throughout the 
present paper. For instance, the refined forms of the Schwarz Lemma due to Dieudonne 
and Rogosinski are explained in detail in [6]. More recently, a number of sharpened forms 
of the Schwarz or Schwarz-Pick Lemma have been obtained (see [2]-[5] and [8]). Among 
others, Beardon and Minda |2j presented an extension of the Schwarz-Pick Lemma which 
involves three points and yields known variations of the Schwarz-Pick Lemma in a unified 
way. Later on, Baribeau, Rivard and Wegert [2] generalized it to n points and applied it 
to Nevanlinna-Pick interpolation problem. 

In this paper, we discuss the multi-point Schwarz-Pick Lemma by defining a set of 
holomorphic functions on D associated with a sequence of given points in D. We observe 
how our results are related with the Schur algorithm and show that they turn to coefficient 
estimates for a bounded analytic function on D and there is a correlation between the 
coefficient estimates. Moreover, we obtain some applications of the results. We now start 
by recalling the Schwarz-Pick Lemma. 

Lemma 1.1. Let f : D — > D be holomorphic and fix zq £ D. For any point z £ D, the 
inequality 

' f(z) ~ f(zo) 



holds if z 7^ zq and 



1 - f(zo)f(z] 

\m\ 



< 


Z- Zq 







< 



1 



(1.2) 



i-\f(z)\* - i-N 2 

if z = Zq. Equality holds for a point z precisely when f is a conformal automorphism of 
the unit disk D. 
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We denote by Aut (D) the group of conformal automorphisms of D. Note that / : B — > ID) 
is in Aut (D) if and only if f(z) = (az + /?)/ {fiz + a) for complex constants a and with 
\a\ 2 — \(3\ 2 = 1. Furthermore, H(D) will denote the set of holomorphic functions / on 
D with | f\ < 1. By the maximum principle, / G H(D) is a (unimodular) constant if / 
assumes a value in the boundary dB> of D. In other words, |/| < 1 in D for / G H(D) 
unless / is a constant. 

For z, w G D, let [z, w] be defined by 

[z, w] = f^. (1.3) 
1 — wz 

Its modulus \ [z, w}\ is called the pseudo- hyperbolic distance between z and w in D [3]. 
It is convenient to memorize the fact that w — [z, zq] if and only if z = [w, —zq] for three 
points zq, z, w G D. We extend the definition of [z, w] by letting [z, z] — for z G <9D so 
that [f(z), f(w)} is defined whenever / G H(D) and z,w G D. The inequality (II. ip is now 
same as 

|[/(z),/(^)]|<|[^^o]|. (1.4) 

The geometrical meaning of the Schwarz-Pick Lemma is that / is distance-decreasing with 
respect to the hyperbolic metric p(z)\dz\ = 2\dz\/(l — \z\ 2 ) of the unit disk. We denote 
by d(z, w) the hyperbolic distance induced by p; in other words, 

d(z, w) = log ■ 



l-\[z, w}[ 



The inequality (II. ip is equivalent to d(f(z),f(z )) < d(z,z ) for a holomorphic map 

/ : D -> D and z, z G D. 



Let us briefly recall the main idea of Beardon and Minda [1]. For this purpose, we 
introduce an operation for functions as follows. Let / G H(D) and z G D. We define a 
holomorphic function A zo f on D by 



A„/(*) = <^ 



r \f {z), f(z )\ 

[Z, Z ] 



- \z \ 2 )f(z ) 
l-\f(z )\ 2 



for Z ^ Z , 
for Z = Zq. 



;i.s) 



The symbol A Zo f is adopted in [2]. When it is convenient to regard A Zo f(z) as a function 
of the two variables z and zq, we also write A Zo f(z) = fi(z;zo). In jl], this quantity 
is called the 'hyperbolic difference quotient' of /, and the above notation is somewhat 
different from that of [4J for the purpose of introducing hyperbolic difference quotients of 
higher order. By the form of the definition, we have naturally the chain rule 



A*(/o0) 



( A g(z )f)°g- A Zo g 



for holomorphic maps /, g : D — > D and zq G © (cf. [1]). Since A Zo T(z) = T'(zq) 
for T G Aut (D), the following invariance property can easily be deduced. 



in*) 
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Lemma 1.2. Let f : B — > B be a holomorphic map. For conformal automorphisms S 
and T of 3, 

for z, z G D. 

In particular, \(S o f o r)i(z; z ) \ = \fi(T(z); T(z ))\ (cf. % Lemma 2.3]). 
In terms of the hyperbolic difference quotient, the Schwarz-Pick Lemma is now rephrased 
as follows. 

Lemma 1.3. Let f G H(B). Then, for any pair of points z, z G B ; 

|A, /(^)| = i/i(^;^ )i < 1- (1-6) 
Here, equality holds for a pair of points precisely when f G Aut (B). 

Note that A Zo f is a unimodular constant for any zq G B when / G Aut (D) and that 
|A Z0 /| < 1 on B when / G H(D) \ Aut (B). 

It is crucial to note that, by the Schwarz-Pick Lemma, the function A ZQ f again belongs 
to H(B) for / G H(B) and Zq G B; in other words, A ZQ is an operator on H(B) into itself. 
This observation leads to the following definition (cf. [2]): Let / G H(B). For a given (finite 
or infinite) sequence of points zj (j = 0, 1, . . . ) in B, define fj(z; . . . , z ) (j = 0,1, . . .) 
by 

fj(z; zj-!, ...,z ) = (A Zj _ 1 o • ■ ■ o A Z0 )f(z). 

Here, we understand that fo(z; — ) = f\z) for j = 0. Note that this notation is consistent 
with the former definition of f\(z; zq). 

For brevity, we also write fj(z) = fj(z; . . . ,zq) and jj = fj(zj) for j = 0,1,2, ... . 
We have then two possibilities: 

(i) < 1 for each j. Then \fj\ < 1 for each j. If fj is constant for some j, then fk = lk = Q 
for k > j. 

(ii) There exists an integer n such that |7 | < 1, |7i| < 1, • • • , |7 n -i| < 1) \ln\ = 1- Then, 
fn = In and / turns out to be a Blaschke product of degree n. Beardon and Minda [1] 
showed that this occurs only in this case. Here, we recall that a function / is called a 
(finite) Blaschke product of degree n if f(z) = e ld Y\^ = i[z, %] for 9 G R and some points 
ai, . . . , a n G B. Note that fj = for j > n in this case. 

Through the above observation, for / G H(B), we see that |/ n (^)| = 1 for some z G B 
if and only if / is a Blaschke product of degree n. 

By repeated applications of the Schwarz-Pick lemma, we now have the following multi- 
point Schwarz-Pick Lemma due to Beardon-Minda jl] for j = 2 and Baribeau-Rivard- 
Wegert [2] for general j. 

Theorem 1.4. Let f G H(B) and z , z\, . . . , Zj be a sequence of j + 1 points in B. Then 

\f, J {z;z J „ 1 ,...,z )\<l, zeB. (1.7) 

Equality holds for a point z G B if and only if f is a Blaschke product of degree j. 
Moreover, if f is not a Blaschke product of degree < j, 

d(fj(z; Zj-x, ■■■ ,z ), fj(zj] Zj-!, ■ ■ ■ , zq)) < d(z, zj), z G B. (1.8) 



4 



K. H. CHO, S.-A KIM, AND T. SUGAWA 



Equality holds for a point z ^ Zj precisely when f is a Blaschke product of degree j + 1. 

It is shown in jl] that many known results in [6] and [8] can be derived based on 
the above theorem for j = 2; namely the 'three-point' Schwarz-Pick Lemma. In the 
present note, we give some consequences of n-point Schwarz-Pick Lemma. To this end, 
we also present a couple of basic properties of the quantities fj(zj] Zj-i, . . . , Zq) for / and 
Zq, ■ ■ ■ i Zj in the next section. In Section 3, several interpretations and applications are 
given. Indeed, we will point out relations to the Schur algorithm and Peschl's invariant 
derivatives, and give several concrete refinements of known results such as Yamashita's 
inequality, Dieudonne's lemma. For Dieudonne's lemma [6], in addition to [4j, see also 
[3]. We would like to remark that such refinements could be given, in principle, as much 
as we wish, with the expense of complication. 

2. Main Results 

We first observe analyticity of the function fj(z; Zj-i, . . . , z Q ) for / G H(D). This prop- 
erty guarantees existence of the limit of fj(zj] . . . , Zq) as z k — » z% for a pair of the 
variables z^ and z\ for instance, and allows us to change the order of limits. 

Proposition 2.1. Let f G L1(D). Then for each j > 0, the function fj(z; . . . , Zq) is 
complex analytic in z G D and real analytic in z , . . . , Zj-i G D. 

Proof. We show the assertion by induction on j. It is clear for j = 0. We assume that the 
assertion is valid up to j. By definition, 

fj+l{Z; Zj, . . . , Zq) 

fj( z 'i z j-li ■ ■ ■ i z o) ~ fj( z ji z j-i> ■ ■ ■ i z o) 1 ~ z j z 

z — Zj i _ fj(zj] Zj-i, . . . , z )fj(z; Zj-i, . . . , Zo) 

There is nothing to show when z ^ Zj. Thus, it is enough to show analyticity at every 
point of the form (z, Zj, Zj-i, . . . ,z ) = (a,j, aj, . . . , a ). 

The second factor of the right-hand side in the above formula is clearly analytic in the 
sense of the assertion. Analyticity of the first factor follows from the next lemma by the 
interpretation z k = t 2 k+i + it 2 k+2 for k = 0, 1, . . . , j — 1 and w = Zj. □ 

Lemma 2.2. Suppose that a continuous function F(z,t\, . . . ,t n ) is complex analytic in 
the complex variable z and real analytic in the real variables ti, . . . , t n . Then the difference 
quotient 

F(w,t 1 , ...,t n )- F(z,ti, ...,t n ) 
w — z 

is complex analytic in z, w and real analytic in t\, . . . , t n . 

Proof. For simplicity, we prove only in the case when n — 1. It is enough to see that 
(F(w,t) — F(z,t))/(w — z) is complex analytic in \z\ < r/2, \w\ < r/2 and real analytic 
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in \t\ < 5 for small enough r > and 5 > 0. We may assume that F is expanded in the 
form 

oo 

F(z,t) = ^2Aj(z)t j , \z\ < 2r, \t\ < 25 

j=0 

for some constants r > and 5 > 0. 

By convergence of the above series, there exists a constant M > such that 

\A^z)\ < M5' j , \z\<r, j =0,1,2,.... 

Since F(z, t) is complex analytic in z, Cauchy's integral formula yields the expression 

F(w,t)-F(z,t) 1 f F((,t) ^ 



w-z 2ixi J l(l=r (C - w)(( - z) 

^27rz7 |c|=r (C-^)(C-^) ^ 



3=0 



for \z\ < r, \w\ < r. Here, 



, , AM , , 

\Bj(z,w)\ < — , |z| < r/2, |w| < r/2, 

and thus the above series is indeed convergent in \t\ < 8. □ 



The following generalization of Lemma 11.21 will be useful to reduce general questions to 
special ones. 

Lemma 2.3. Let f G H(B), S,T G Aut (B) and 2b, ... , ^-i, zGD. T/jen 
In particular, 

\(So f oT) j (z;z j . 1 ,...,z )\ = \f j {T{z);T{z j - 1 ), . . . ,T{zq))\. 

Proof. We can easily verify the relation [(z, (w] = ([z,w] for z,w G B and £ G <9B. 
Therefore, 

A, (C/) = CA, / 

for / G H(B), z G © and C G 9B. For brevity, we put u = S'(f(T(z )))/\S'(f(T(z )))\,(k = 
T'(z k )/\T'{z k )\, z' = T(z) and z' k = T{z k ). Note that u,(k e SB. By Lemma O together 
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with the above relation, we see 

(Sofa T) 2 (z; z x , zo) = A Z1 (A Z0 (S o f o T)){z) 

= A zl Ko(A^/)oT)(z) 
= u( A zl ((A z ,f)oT)(z) 
= wCoCiA^(A a //)(T(^)) 

In the same way, we can show the required relation for general j. □ 

Let / G H(D) and a point z G D be given. The most crude estimate for f(z) is 
l/WI — 1- This, however, cannot be improved without any additional information about 
/. If we know about the value wq of / at a given point zo, then the estimate can be 
improved. For instance, when /(0) = Wq, we have the better estimate [H p. 167] 

< |/(z)| < 1/(0)1 + {2A) 



i-WI/(o)| "-i + |j||/(o)r 

When more values of / (and possibly its derivatives) at points Zj for j = 0, 1, 2, • • ■ are 
specified, we may improve the estimate more. Indeed, we are able to show the following. 

Theorem 2.4. Let a, Zq, . . . , z n be given points in D and put Tj = [a, Zj] forj = 0, 1, . . . , n. 

(i) Suppose that f G H(B) is not a Blaschke product of degree at most n. Let fj(z) = 
fj(z; Zj_i, . . . , z ), jj = fj(zj) for j — 0, 1, . . . , n. Define Mobius transformations 
A,, j = 0,1, .. .,n, by 

AAx) = - 1 — • 

Then /(a) G (A o • ■• o A n )(JD>). If furthermore f is not a Blaschke product of 
degree n+1, /(a) G (A o • • • o A n )(3). 

(ii) Conversely, suppose that points 70,71, • • • ,7n G © are given. Let Aj be as above 
and choose an arbitrary point b G (Aq o ■ ■ ■ o A n )(D). Then there exists a function 
f G H(D) with /(a) = b such that jj = fj(zj] Zj-i, . . . ,z ) for j = 0, 1, . . . , n. 

Proof. We first show (i). Let Wj = fj(a) for j — 0, 1, . . . , n + 1. Here, f n+ i(z) is defined 
similarly. By assumption, |tj| < 1 and \wj\ < 1 for j < n. Also note that |w n +i| < 1 and 
equality holds if and only if / is a Blaschke product of degree n + 1. Then, by definition, 

w j+1 = A Zj fj(a) = fe^l, 



and thus, 

w i = [ T j w j+ii = A j( w j+i) ( 2 - 2 ) 
for j = 0,1, ... ,n. Therefore, w = (A o • • • o A n )(w n+1 ) and (i) is proved. 

We next show (ii). Set c = (A o ■ • • o A n ) _1 (6). Then, by assumption, c G D. Let 
w n+ i = c and define w n ,w n -i, . . . , w inductively by f 12 . 2 j) . Let / n+1 be any function in 
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H(D) such that f n+ i(a) = c. For instance, f n+ i can be taken to be the constant function 
c. Then, define functions f n , / n _i, ■ ■ ■ , fo inductively by the formula 

[z,Zj]f j+1 {z) +7 3 - 



fj(z) = [[z,^-]/i + i(z),-7i] 



(2.3) 



l + 7i[*,*j]/i+i(*)' 

Then = [0, — 7^] = 7, and therefore the relation A Zj fj = fj + \ holds. We now set 

/ = f so that fj(z; Zj-i, ...,z ) = fj{z). In particular, f/(zj\ z S -x, . . . , z ) = fj(zj) = jj. 
By ([23]), we have fj{a) = [rjf j+1 (a), -7,-] = Aj(f j+1 (a)). Hence, /(a) = / (a) = (A o 
• • ■ o A fl )(/ n+ i(a)) = 6. Thus, we have shown the existence of such an /. □ 

In applications of the last theorem, it is convenient to note the following elementary 
fact: For a Mobius transformation A(z) = with |c| < 



w G A(D) & 



cz+d 

ac — bd 



w 



|c| 2 - M 2 



< 



ad — be 



(2.4) 



For instance, f(a) G Aq(D) in the theorem means the inequality 



/(«) 



(1- 


T 


2 )7o 


1- 


7oTo 


2 



< 



(1- 


7o 


2 ) 


r o| 


1 - 


|7oTo 


2 



where r = [a, z ] and 70 = f(z ). 

As another application of the relation ( 12. 2p . we obtain the next result. 



Theorem 2.5. Let f G H(D) and z G D. Then the double inequality 

I I/(zq) I - |[z,zo]/i(z;*o)ll < v, < |/(*o)| + |[*,-zo]/i(*;*o)| 
i-|M/(z )/i(z;zo)| - |Jl J| - i + IM/(*o)/i(*;*o)| 

ZioZds for zGD. Equality holds in the left-hand (right-hand) inequality if and only if either 
f(z )f(z) = or else axgf(z) = &Tgf(z ) (mod27r) (respectively, axg f(z) = arg/(z ) + 
7r (mod27r) / 



Proof. We first note the elementary inequalities (cf. [HI p. 167]) 



,H]|<|[o,6]|<[|o|,-|6|] 



1 



\ab\ 



\a 


+ |6| 


1 + 


ab\ 



(2.5) 



for a, b G D. Here, equality holds in the left-hand (right-hand) side if and only if either 
ab = or else (a/b) > (resp. (a/b) < 0). We now apply the above inequality to 
the choice a = [f(z), f(z )) = [z, z ) fi{z; z ) = r tOi and b = -f(z ) = -70. Since 
[a, b] = [t wi, —70] = w = f(z) by (I2.2p . we obtain the assertion. □ 

By Lemma \1.'S\ we have the following. 
Corollary 2.6. Let f G H(D) and z G D. Then the double inequality 

\l-|[z,2o]/(2o)| J l + IM/MI 

ZioZds /or z6D. When z ^ z , equality holds in the right-hand side only if f G Aut (D). 
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Note that the corollary reduces to (12.1 j) when z = 0. Thus, Theorem 12.51 improves the 
inequality ( 12. ip . 

Theorem 12.41 gives precise information about the location of the value f(z) but it might 
not be easy to use. We can extract more rough but convenient estimates for \f(z)\ as 
follows. 

Theorem 2.7. Let a, zq, . . . , z n be given points in D. Suppose that f G H(D) is not a 
Blaschke product of degree at most n. Put fj(z) = fj(z; Zj-x, . . . , Zq), jj = fj(Zj), Tj = 
[a, Zj] for j = 0, 1, . . . , n. Then the chain of inequalities 

\f(a)\ < (T o - ■ • o T„)(l) < • • • < (T o T)(l) < T (l) (2.6) 

hold, where Tj are the functions defined by 

\Tj\ x + ITjI 



Tj{x) 



1 + 



Proof. Let Wj = fj{z) for j = 0, 1, . . . ,n + 1 as before. Note first that Tj(x) is non- 
decreasing in < x < 1, that Tj(l) < 1, and that \wj\ < 1. Therefore, the inequalities 

(T o • • • o T n )(l) < • • • < (T o T)(l) < T (l) 

clearly hold. Therefore, it is enough to show the inequality 1/(2)1 < (T o ■ ■ ■ o T n )(l). 

By the proof of Theorem 12.4} we have f(a) = w Q = (A o • ■ ■ o A n ){w n+ i). Note that 
(12. 5p implies |Aj(w)| < T,(|w|) < 1 for w G D. Therefore, we have 



|/(a)| < ToCK^! 
as required. 



o ■ ■ 



A n )(w n+1 )\) < ■■■< (T o...oT n )(K +1 |) < (T o...oT n )(l), 



□ 



The bound Tq(1) in the last theorem is the same as in Corollary 12.61 The inequality 
for the next term Tq(Ti(1)) takes the form 



\f(zo)\ + 


z—zo 




f(z 1 )-f(z ) 


+ 


Z — Z\ 1 


(!/(*>)! 




+ 


z-zo 1 


) 


1-ZQZ 


l-f(z )f(zi) 


\—Z\Z \ 


l-f(z () )f(z 1 ) 


1 — 20^ 1 


1 + 


z-z 


\f(zo)\ 


/(«!)-/(«) 


+ 


1 Z — Z\ 


K 


/(*i)-/(«o) 


+ \f(zo)\ 


2-2 


) 


l — ZQZ 


l-/(z )/(zi) 


\ \—z\z 


l-/(«o)/(«i) 


1-2Q2 1 



Since ^(^^(1))) is too complicated to write down, we restrict ourselves to the simple 



case when zq = z\ 



so that Tj = z for all j. For brevity, we write c,- 



Then the first three inequalities in Theorem 12.71 can be expressed by 



c + (ci + c c 2 + c cic 2 )|2; 


+ (cqCi + c 2 + CiCa)^ 


2 + 


2 


3 




3 + (Ci + C C 2 + C CiC 2 


)\* 


2 + (c ci + c 2 + c x c 2 )\z\ 


+ 1 



< 



< 



Co + (ci + C Ci) z 


+ 


2 


2 


cok 


2 + (Ci + C Ci 


)N 


+ 1 



Co + M 



1 + co|z| 

Yamashita showed an inequality equivalent to the second one in [14, p. 313] and used it 
effectively to prove uniqueness of extremal functions in the norm estimates of starlike and 
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convex functions of order a in [T5]. The above refinements could be used to improve the 
norm estimates. 

As we saw before, the Schwarz-Pick lemma means the inequality d(f(z), f{w)) < d(z, w) 
for a holomorphic map / : D — > D. This inequality can be refined by using the above 
argument. 

Theorem 2.8. Let z, zq, . . . , z n G © and f G H(D). Suppose that f is not a Blaschke 
product of degree at most n. Let Rq(x) = (1 + |ro|x)/(l — |to |x) and Tj(x) = (\Tj\x + 
|7j|)/(l + \lj T j\x), where Tj = [z, Zj) and jj = fj(zj] ■ ■ ■ , Zq). Furthermore set R n = 
Rq o T\ o T 2 o ■ • ■ o T n for n > 1. Then, 

ex P (d(f(z)J(z ))) < R n (l) < Vi(l) < < RiO-) < ^o(l) = exp(d(z,z )). (2.7) 



Proof. Define a Mobius transformation S by S(x) 
ex V {d(f(z),f(z Q ))) = S(|K7o]|) and (5" 1 o i? )(x) 
see that (12.71) is equivalent to 



[1 + x)/(l — x). Then we obtain 
\tq\x, where wq = f(z). Thus we 



[w ,7oJ 



T 



< (2i 



T n )(l) < •••<Ti(l) < 1, 



which can be obtained by applying Theorem 12.71 to the function A zo f and the points 



Z, Zi, 



□ 



We consider the case when Zq — z\ — z-i — ■ ■ • and present explicit forms of -Ri(l) and 
i? 2 (l)- Put t — \[z, Zo]\ and Cj = \fj(z ; z , ■ ■ ■ , z )\. By a simple computation, we have 

This was first obtained in [3]. The improvement of this bound in the next order is 

1 + t(ct + C 2 + CiC 2 ) + t 2 (ci + C 2 ) + t 3 



Ri 1 



1 + t(c 2 - a + cica) + t 2 (ci - c 2 ) - t r 



Note that this is made possible by introducing the second order derivative of f(z) through 
the term c 2 = \ f 2 (z ; z , z )\. 



3. Interpretations of the results and some applications 

The most immediate and potentially important application of the multi-point Schwarz- 
Pick lemma is perhaps to the Nevanlinna-Pick interpolations as was developed by Baribeau, 
Rivard and Wegert [2]. Let us recall the Nevanlinna-Pick interpolation problem. Let 
zq, z\, . . . , z n and Wo, Wi, . . . , w n be given points in the unit disk D. Here, for simplicity, 
we assume that zq, . . . , z n are distinct points. The Nevanlinna-Pick interpolation problem 
asks existence of a function / G H(D) such that 



f(z j ) = w j for j = 0,1,..., ra. 



(3.1) 
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The solvability of the Nevanlinna-Pick interpolation problem is characterized as positive 
semi-defmiteness of the Hermitian form 

1 - w h w k 



Q(t 



h,k=l 



ZhZk 



-thtk 



(see for instance [H §1-2]). 

We notice that the parameters 7 , 71, . . . , 7„ are determined only by the data z , . . . ,z n 
and Wq, . . . ,w n when / is a solution to the problem (13. ip . By Theorems 12.41 and \2.7\ we 
have the following result. 

Theorem 3.1. Let zq, z±, . . . , z n and wq,w\, . . . ,w n be given points in the unit disk D 



with Zj Zk (j ^ k) and suppose that an analytic function f : 



-+ 



satisfies f(zj 



Wj (j = 0, 1, . . . , n). Let 7, = fj(zj] ■ ■ ■ , z ) and Tj = [z, Zj] for a fixed zGD. Then 
f(z) G (A o • • • o A n )(B) and \f(z)\ < (T o • • • o T n )(l), 

where 



Aj(x) 



T 3 X + 7j 



\ r i 


X 


+ \u\ 


1 + 




X 



Remark 3.2. By the second part of Theorem 12.41 the set (Aq o • • • o A n )(D) is (so-called) 
the variability region of f(z) for a given z concerning the solutions to the Nevanlinna- 
Pick interpolation problem in the theorem. Since the interpolation problem does not 
depend on the order of the data, this set remains unchanged if we change the order of the 
interpolation data (z , w ), (zi, Wi), . . . , (z n , w n ). 

In the previous section, we often considered the case when Zq — Z\ — ■ ■ ■ . This case is 
closely connected with the Schur algorithm and Peschl's invariant derivatives as we now 
see. Peschl's invariant derivatives D n f(z), n = 1, 2, 3, . . . , (with respect to the hyperbolic 
metric) are defined by the series expansion for / G H(D) [10] (see also [7] and [TT]): 

n=l 



1 - f(zo)f( 



Z + ZQ ' 
1 + 20 2 ' 



m 



z,z G 



Explicit forms of D n f(z), n = 1,2, 3, are given by 



D 2 f(z) 



DJ(z. 

(i-N 2 ) 2 
i-\f(z)\ 2 



\z\ 2 )f(z) 



f _ 2zf'(z) + 2f(z)f'(z) 



\z\ 2 l-\f(z)\ 2 



and 



D 3 f(z) 



|2\3 



l~\f(z)\ 2 



r _ Qzf'(z) + 6fiz)f'(z)f(z) 



^-\f(z)\ 2 
l2zW)f'(z) 2 



6z 2 f'(z) 12zf(z)f'(z) 2 6f(z) f'jzY 

(i-\ z \r (i-\ z m-\f(zw) + (i-\f(z)\i) 
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Let us now recall the Schur algorithm [T2] (see also [IS])- Let / G H(B). Define functions 
fo, fx, h, ■ ■ ■ in H(D) inductively by /„ = / and 

Jj+1[) z'\-nm m ' 

where jj = fj(0). The sequence {7j}°l i s called the Schur parameter of /. By construc- 
tion, fj(z) = fj(z; 0, . . . , 0) for j = 0, 1, ... . Recall that either < 1 for all j or else 
|7o| < 1, • • • , |7n-i| < 1) \ln\ — 1) 7n+i = • • • = for some n > 0. The latter case happens 
precisely when / is a Blaschke product of degree n. 

We note that D\f(z) is known as the hyperbolic derivative of /. We can easily see 
that fi(z; z) = Dif(z). The Schwarz-Pick lemma now implies \D\f(z)\ < 1. What is the 
relation between f n (z] z, . . . ,z) and D n f(z)l The next result answers to it. 

Proposition 3.3. Let f G H(D) and z G D. Define g G H(D) by g{z) = [f([z, -z }), f(z Q )}. 
Then g {n \0) = D n f(z ) and f n (z ; z , . . . , z ) = 7„ for n = 1, 2, . . . , where {^ n } is the 
Schur parameter of g. 

Proof. The relations <7^(0) = D n f(zo) immediately follow from the definition of D n f. 
Define S,T G Aut (D) by S(w) = (w - w )/(l - w w) and T(z) = (z + z )/(l + z z), 
where Wq = f(z ), so that g = S o / o T. Note that S'(wq) = 1/(1 — |u^o| 2 ) > and 
T'(0) = 1 — l^o | 2 > 0. Then, by Lemma [2.31 we have 

7n = 9n(0; 0, . . . , 0) = f n (z ; z ,..., Zq). 

□ 

When we express g by the series expansion g(z) = Yl™=i a nZ n , the first several 7/s are 
given by 

7i = ai, 

a 2 



a 3 (l — I a-i 1 2 ) + axaj 



7s = 
74 = 



(i-h 

a 4 [(l 


2 ) 2 — 
- — a i 


1 19' 
\ a 2\ 

) " I 1 


a 2 \ 2 ] + 2aia 2 a 3 (l - 


ai 


2 ) + a\a\ + a 2 a| 


(1-1 


ai 


2)3 _ ( 


1 — a-i 


| 2 )(|a 3 | 2 + 2|a 2 | 2 ) + 


02 


4 — axo^a-i — aia|a 3 



By the multi-point Schwarz-Pick lemma (11. 7J) , we have |7„| = |^ n (0; 0, . . . , 0)| < 1. Here, 
equality holds precisely if g (equivalently /) is a Blaschke product of degree n. Schur [T2] 
indeed showed that the sequence of inequalities I7J < 1 characterizes the boundedness of 
an analytic function / by 1 in modulus. 

Noting the relation a n = g^ n \0)/n\ = D n f(zo)/n\ by Proposition I3.3[ we can rephrase 
the inequality \j n \ < 1 in terms of Peschl's invariant derivatives. In particular, we obtain 
the following inequality due to Yamashita as the case when n = 2. 

Proposition 3.4 (Yamashita [14, Theorem 2]). Let f G H(B). Then, 

\D 2 f(z)\< 2(1 -iDJiztf), zeB. 
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Equality holds for a point z £ D if and only if f is a Blaschke product of degree at most 
2. 

By the inequality I73I < 1, we can similarly show the following. 
Theorem 3.5. Let f £ H(B). T/jen ; /or 2 £ D, 



6 



(i-l^(,)H + Di7M(^My 



+ 



£2/(2) 



2\2 



< (l-lDx/WI^) 



where equality holds for a point z£Di/ and onfr/ if f is a Blaschke product of degree at 
most 3. 

We have considered the simplest case when Zq — Z\ — • • • — Zj so far. The second 
simplest case is perhaps when z , zi, . . . , Zj consist of only two points. We start with 
f 2 (z;z,zo). The inequality 1/2(2; z, Zq)\ < 1 can be explicitly described in the following 
result. 

Theorem 3.6 (Generalized Dieudonne's lemma). Let f be an analytic function on D with 
l/l < 1 and fix Zq £ D. Then, for any point z £ D, 



f(z)-f(z ) l-f(z )f(z) l-\z \ 



< 



1 - \z\ 



i ~JW)f{z)\ 2 
l-|/(^o)| 2 



l-|/(^o)| 2 l-z- Q z 



z-zq \f(z) - f(z )\ 2 1-ZqZ 



1 - Z Z 



l-|/(^o)| 2 



z - Z Q 



(3.2) 



where equality holds if and only if f is a Blaschke product of degree at most 2. 

Proof. Let g(z) = fi(z;z ). Then f 2 (z;z,z ) = gi(z;z). The inequality \gi(z;z) 
\D\g(z)\ < 1 is equivalent to 



A straightforward calculation gives us the formula 

f(z) l-|/(^o)| 2 [f(z),f(z )\ 



9{z) 



[z,z ] (1 _ f{z )f{z)y [z,z ] 2 (i-z^zy 



It takes a little rearrangements for the required inequality. 



□ 



Note that the inequality (13. 2p is reduced to the original Dieudonne's lemma when 
zo = f(z ) = : 

\zf'(z)-f(z)\< 



\z 


2 -\f(z)\ 2 


1 - 


z 


2 



Conversely, through elementary computations, it can be seen that the inequality ( 13. 2 j) is 
obtained by applying the original Dieudonne's lemma to the function h(() = [/([C, ~ Zo])> f{ z o)] 
with the choice ( = [z, z ]. 

It turns out that the inequalities 1/2(2; Zq, z) \ < 1 and 1/2(2:0; z, z)\ < 1 are both equiva- 
lent to the inequality ( I3.2p . Indeed, under the additional assumption that z = f(z ) = 0, 
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we have easily \f 2 (z;0,z)\ = \f 2 (0;z,z)\ = \[D 1 f(z),f(z)/z]/z\ < 1. If we set w = 
[Dif(z), f(z)/z]/z, we have D\f(z) = [zwo, —f(z)/z\ and the last inequality is equivalent 
to the assertion Dif(z) G A(B>), where A{w) = [zw, —f(z)/z]. Now use (12 .4p to see the 
equivalence with (13. 2p . 

We next consider the case when j = 3 and Zq, z±, z 2 , z 3 consists of two points. By Lemma 
\1.2\ we can assume that the two points are and z (which are interchangeable) and that 
f(0) = 0. The inequality \fs(z; 0, 0, 0)| < 1 means that the third function f 3 in the Schur 
algorithm has modulus at most 1. On the other hand, the inequality \ fz(z; z, z, 0)| < 1 is 
rearranged to the following, which can be regarded as Dieudonne's lemma of the second 
order. 

Theorem 3.7. Let f G H(D) \ Aut (D) with f(0) = 0. Then 



zf'(z)-f(z) , f(z)(zf'(z)~f(z)y 



+ 



\f{z)\' 



\z\\zf'(z)-f(z) 

kl 2 -l/WI 2 



< 



1*1(1* 


2 _ 


l/(*)| 2 ) 


(1- 


Z 


2y 



Proof. Let g(z) = f(z)/z. Then g is a holomorphic self-map of D by assumption and 



f 3 (z; z, z, 0) = g 2 (z; z, z). The inequality \f 3 (z; z, z, 



\g 2 (z; z,z)\ < 1 is thus equivalent 



to ^\D 2 g(z)\ + \Dig(z)\ 2 < 1 (cf. Proposition 13. 4p . The last inequality is indeed equivalent 
to the inequality in question. □ 

Finally, we consider the inequality \f3(z; z, 0, 0)| < 1 under the condition /(0) = 0. 
Then we have the following inequality, which is another refinement of Dieudonne's lemma 
involving the term f'(0). 

Theorem 3.8. Let f G H(B) with /(0) = 0. Then 



+ f'(0) 



< 




In particular, if f'(0) = in addition, 



2/(z) 



< 



\z 




)l 2 


\z 


2 (1- 


z 


2 ) 



Proof. Since 



and 



/ 2 (*;0,0) = 



kl 2 )/2^o,o) 



1 - |/ 2 (^;0,0)| 2 
/(*) - zf{0) 



z z-f'(0)f(z) 

we obtain the first inequality in the proposition by straightforward calculations. 



□ 



14 



K. H. CHO, S.-A KIM, AND T. SUGAWA 



References 

1. L. V. Ahlfors, Conformal Invariants, McGraw-Hill, New York, 1973. 

2. L. Baribeau, P. Rivard, and E. Wegert, On hyperbolic divided differences and the Nevanlinna-Pick 
problem, Comput. Methods Funct. Theory 9 (2009), 391-405. 

3. A. F. Beardon and T. K. Carne, A strengthening of the Schwarz-Pick inequality, Amer. Math. Monthly 
99 (1992), 216-217. 

4. A. F. Beardon and D. Minda, A multi-point Schwarz-Pick Lemma, J. Anal. Math. 92 (2004), 81-104. 

5. , Dieudonne points of holomorphic self-maps of regions, Comput. Methods Funct. Theory 8 

(2008), 409-432. 

6. P. L. Duren, Univalent Functions, Springer- Verlag, 1983. 

7. S. Kim and T. Sugawa, Invariant differential operators associated with a conformal metric, Michigan 
Math. J. 55 (2007), 459-479. 

8. P. R. Mercer, On a strengthened Schwarz-Pick inequality, J. Math. Anal. Appl. 234 (1999), 735-739. 

9. Z. Nehari, Conformal Mappings, McGraw-Hill, New York, 1952. 

10. E. Peschl, Les invariants differentiels non holomorphes et leur role dans la theorie des fonctions, 
Rend. Sem. Mat. Messina 1 (1955), 100-108. 

11. E. Schippers, The calculus of conformal metrics, Ann. Acad. Sci. Fenn. Math. 32 (2007), 497-521. 

12. I. Schur, Uber Potenzreihen, die im Innern des Einheitskreises beschrankt sind, J. Reine Angew. Math. 
147 (1917), 205-232; 148 (1918), 122-145, English translation in: I. Schur Methods in Operator 
Theory and Signal Processing (Operator Theory: Adv. and Appl. 18 (1986), Birkhauser Verlag). 

13. H. S. Wall, Analytic Theory of Continued Fractions, D. Van Nostrand Company, Inc., New York, N. 
Y., 1948. 

14. S. Yamashita, The Pick version of the Schwarz lemma and comparison of the Poincare densities, 
Ann. Acad. Sci. Fenn. Ser. A. I. Math. 19 (1994), 291-322. 

15. , Norm estimates for function starlike or convex of order alpha, Hokkaido Math. J. 28 (1999), 

217-230. 

Department of Physics, Pohang University of Science and Technology, Pohang, Kyung- 
buk 790-784, Korea 

E-mail address: khsacho@postech.ac.kr 

Department of Mathematics Education, Dongguk University, Gyeongju, Kyungbuk 
780-714, Korea 

E-mail address: sakim@dongguk.ac.kr 

Graduate School of Information Sciences, Tohoku University, Aoba-ku, Sendai 980- 
8579, Japan 

E-mail address: sugawa@math.is.tohoku.ac.jp 



